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Reversing the Null Limit of the Szekeres Metric
Charles Hellaby ∗ Otakar Sv´ıtek †
Abstract
The null limits of the Lemaˆıtre-Tolman and Szekeres spacetimes are known to be the Vaidya
and news-free Robinson-Trautman metrics. We generalise this result to the case of non-zero
Λ, and then ask whether the reverse process is possible — is there a systematic procedure to
retrieve the timelike-dust metric from the null-dust case? We present such an algorithm for re-
constructing both the metric and matter tensor components of the timelike-dust manifold. This
undertaking has elucidated the null limit process, highlighted which quantities approach unity or
zero, and necessitated a careful discussion of how the functional dependencies are managed by
the transformations and substitutions used.
1 Previous Work and Motivation
The null limit of the (LT-type) Szekeres metric1[25, 26] was first found by Gleiser [11], but only in
the quasi-spherical case. His derivation used a transformation similar to that below, introduced a
limiting parameter (Λ → ∞), and retained only leading terms in the calculation, making one or two
assumptions about limiting behaviours, such as φ,x (i.e. R
′ below) being finite and non-zero. He
identified the resulting metric as a “pure radiation” form of the Robinson-Trautman (RT) metric [24].
This paper foreshadowed a number of the later results mentioned in this section, and deserved more
attention than it got.
Lemos [19] showed how to obtain the Vaidya metric [28, 29] as the null limit of some cases of the
Lemaˆıtre-Tolman metric [18, 27]. This was generalised by Hellaby [12], who showed that the limiting
metric (in the outgoing form) must either stop radiating and settle down to a Schwarzschild vacuum,
or radiate away all its mass leaving a Minkowski vacuum.
Hellaby subsequently applied the same process to the Szekeres metric in [13], and identified the
result as a generalisation of the Kinnersley Rocket [16]2. It is easy to see that the null metric in [13],
with ǫ = +1, is the same as that in [11].
The Szekeres metric [25, 26] is an exact inhomogeneous spacetime that solves the Einstein field
equations (EFEs) for comoving dust. It has no simple symmetries, though its spatial sections are
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1It is shown in [13] and section 19.6.3 of [20] that the KS-type Szekeres metric is a well-behaved limit of the LT-type,
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conformally flat. Notably it contains no gravitational radiation, a feature shared by the Kinnersley
rocket.
There is a related class of spacetimes, generally lacking Killing vectors, whose properties are de-
termined by a null geodesic congruence, as opposed to a timelike one in the Szekeres spacetime.
Specifically, this null congruence is expanding, shearfree and twistfree, and the associated solutions
belong to the Robinson–Trautman class [23, 24]. This class contains the Schwarzschild, Vaidya and
C-metric solutions and their generalisations. Chrus´ciel and Singleton showed that generic vacuum mem-
bers of this class, that represent deformations of a Schwarzschild black hole, loose their non-sphericity
exponentially fast by radiating gravitational waves, and thereby approach the Schwarzschild geometry
asymptotically [4, 5, 6]. Similar behavior is observed when a null fluid is included, but the asymptotic
geometry approaches that of the spherically-symmetric Vaidya solution, as shown by Bicˇa´k, Perje´s,
Podolsky´ & Sv´ıtek [2, 22].
In [8], Dain, Moreschi and Gleiser responded to the contemporaneous discussion about photon
rockets and gravitational radiation, some of it using approximate methods, by pointing out that the RT
metrics include exact solutions for generalised photon rockets, as well as cases that include gravitational
radiation. A similar point was made by Podolsky in [21] in a paper that considered the more general
RT metrics with non-zero Λ, generalised existing photon rockets to include Λ, and looked at their
properties.
Bicˇa´k and Kuchaˇr [1] set up a Langrangian and Hamiltonian framework for treating a null dust source
in GR. They found that timelike dust metrics have an extra degree of freedom, the zero point of time
along each worldline, which null dust metrics lack, because of the ambiguity of affine parametrisation
along the null geodesics.
The spherically symmetric null fluid model considered by Gair [10] is different, in that it contains
angular momentum. Each expanding (or contracting) spherical shell contains a superposition of ran-
domly directed photons, all with the same angular momentum, and all remaining in that shell. The
random superposition ensures the spacetime has no net angular momentum. To obtain the limit of
zero angular momentum is not straightforward, but requires a singular transformation in order to show
it becomes the Vaidya metric. We will not consider such models here.
An interesting question about the null limits of [11, 19, 13] noted above is whether one may do the
reverse process — can one find a procedure for creating a metric with a timelike fluid flow, starting
from a null-fluid metric? In what follows, we address this task.
2 The Szekeres Metric
The Szekeres metric is
ds2 = −dt2 +
(
R′ − RE
′
E
)2
dr2
W 2
+
R2
E2
(
dp2 + dq2
)
, (1)
where R = R(t, r), W =
√
ǫ+ f , f = f(r) and ǫ = +1, 0,−1. The function E is
E =
S
2
(
(p− P )2
S2
+
(q −Q)2
S2
+ ǫ
)
, (2)
where S = S(r), P = P (r), Q = Q(r). From the above form for E, one may check that
EE ′pp + E
′Eqq −EpE ′p − EqE ′q = 0 (3)
2
EE ′qq + E
′Epp −EpE ′p − EqE ′q = 0 (4)
E2p − EEpp + E2q − EEqq + ǫ = 0 (5)
Epq = 0 (6)
and these allow simplification when the metric form (1) is inserted into the EFEs. Given that the
matter is comoving dust,
T ab = ρuaub , ua = δat , (7)
the evolution equation and the density then follow:
R˙2 =
2M
R
+ f +
ΛR2
3
, (8)
κρ =
2
(
M ′ − 3ME
′
E
)
R2
(
R′ − RE
′
E
) , (9)
where the arbitrary function M = M(r) is a mass-like factor in the gravitational potential term M/R.
Since we’ll be taking the limit as f →∞, we only consider f > 0 solutions. With Λ = 0, (8) has
a parametric solution,
R =
M
f
(cosh η − 1) , (sinh η − η) = σf
3/2
M
(t− a) , (10)
but if non-zero Λ is included, then we can write the solution as a formal integral along worldlines of
constant (r, θ, φ),
t− a =
∫ R
0
1
σ
[
2M
R˜
+ f +
ΛR˜2
3
]
−1/2
dR˜ . (11)
In (10) & (11), a = a(r) is another arbitrary function that gives the bang time, the time on each
constant r worldline when R = 0.
The Szekeres metric can be thought of as a non-symmetric generalisation of the Lemaˆıtre-Tolman
and Ellis metrics, [18, 27, 9]. The arbitrary functions f , M , & a determine the geometry and evolution
of the underlying symmetric model, while the functions S, P & Q control the deviation from spherical,
planar, or pseudo-spherical symmetry. For a fuller description of the Szekeres metric, see [14, 17].
3 The Robinson-Trautman Metric
The general form of the Robinson–Trautman spacetime including cosmological constant and null fluid
(generally of Petrov type II) can be given by the following line element [23, 24]
ds2 = −2H dv2 − 2 dv dr˜ + r˜
2
P˜ 2
(dy2 + dx2), (12)
where 2H = ∆( ln P˜ )− 2r˜( ln P˜ ),v − 2M(v)/r˜ − (Λ/3)r˜2,
∆ ≡ P˜ 2(∂xx + ∂yy), (13)
3
and Λ is the cosmological constant. The metric depends on two functions, P˜ (v, x, y) and M(v) ,
which satisfy the nonlinear Robinson–Trautman equation
∆∆( ln P˜ ) + 12M( ln P˜ ),v − 4M,v = 2κn2 . (14)
where the function n(v, x, y) corresponds to the density of the null fluid, with energy momentum
tensor Tab = n
2(v, x, y) r˜−2 kakb, where k = ∂r˜ is aligned along the degenerate principal null direction
(we use the convention Gab + Λgab = κTab). The “mass” function M(v) may be set to a constant by
a suitable coordinate transformation for the vacuum solution (n = 0). It is related to the Bondi mass
in asymptotically flat cases.
The spacetime admits a geodesic, shearfree, twistfree and expanding null congruence, generated by
k = ∂r˜. The coordinate r˜ is an affine parameter along this congruence, v is a retarded time coordinate
with the v = constant hypersurfaces being null, and x, y are spatial coordinates spanning the transversal
2-spaces with their Gaussian curvature (for r˜ = 1) being given by
K(v, x, y) ≡ ∆( ln P˜ ) . (15)
For general fixed values of r˜ and v, the Gaussian curvature is K/r˜2 so that, as r˜ →∞, they become
locally flat.
Usually, it is assumed that the transversal 2-spaces are compact and simply-connected, which
leads to the spherical topology, and such solutions can then correspond to deformations of spherically-
symmetric black holes. For a specific value of function P˜ , namely
P˜0 = 1 +
1
4
(
x2 + y2
)
(16)
we obtain K = 1 (consistent with spherical symmetry) and the metric reduces to the dynamical
type D Vaidya(-(anti-)de Sitter) solution. General Robinson-Trautman spacetimes of type II with
spherical topology (with K no longer a constant) thus represent generalizations of these spherically
symmetric geometries to a non-symmetric dynamical situation containing (exact) gravitational waves.
This gravitational radiation facilitates their asymptotic transition to spherical symmetry.
There are as well non-symmetric type D solutions with null radiation in Robinson-Trautman class
which are generally known as Kinnersley rockets and have K(v), but K = 1 can be achieved via
coordinate transformation.
Comparison of (1) and (12), together with the demand of preserving the interpretation of the
transversal two-spaces spanned by (p, q), resp. (x, y), leads us to identify the roles played by functions
E and P˜ in the Szekeres and Robinson–Trautman spacetimes. This subsequently results in an expected
correspondence between R and r˜ in the limit to be considered. The limit should also identify the
direction of timelike dust flow ua with the null fluid flow direction ka. All these considerations will be
made explicit in the following sections.
4 The Null Limit of Szekeres Dust
First, let’s review how the null limit is obtained. In fact the following is a slight generalisation of
previous results, since we allow Λ to be non-zero3.
3The Λ in [11] is the limit parameter, not the cosmological constant.
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In the evolution equation (8), the function f is twice the energy per unit mass of the matter particles
(as well determining the local spatial curvature in (1). To obtain a null limit, in which the dust particles
achieve light speed, we let the energy diverge, f →∞. For a sensible metric, though, we require that
R and M remain finite in the limit. Consequently, we need to transform the metric before taking the
limit, so that the limit process is well behaved.
By (8) and (10), finite R & M means
R˙2 − f = 2M
R
+
ΛR2
3
remains finite in the limit (17)
R˙2 −W 2 = 2M
R
+
ΛR2
3
− ǫ remains finite in the limit (18)
Λ = 0 : cosh η − 1 ∼ f → cosh η ∼ sinh η ∼ e
η
2
∼ f (19)
(t− a) = M(sinh η − η)
σf 3/2
∼ M(cosh η − 1)
σf 3/2
∼ Rf
σf 3/2
=
R
σ
√
f
(20)
Λ 6= 0 : t− a ∼
∫ R
0
1
σ
√
f
dR˜ =
R
σ
√
f
. (21)
From (19) it follows that |η| → ∞ for f → ∞, which implies late time evolution, i.e. far from the
bang. However (20) or (21) shows that (t− a)→ 0, and this is because proper time ceases to run as
the particles approach light speed: the null limit generates infinite time dilation.
Differentiating (11) with respect to r, we have
−a′ = ∂
∂r
∫ R
0
1
σ
[
2M
R˜
+ f +
ΛR˜2
3
]
−1/2
dR˜ (22)
=
R′
σ
[
2M
R
+ f +
ΛR2
3
]
−1/2
−
∫ R
0
1
σ
(
M ′
R˜
+
f ′
2
)[
2M
R˜
+ f +
ΛR˜2
3
]
−3/2
dR˜ , (23)
→ R′ =
[
2M
R
+ f +
ΛR2
3
]1/2{
− σa′
+
∫ R
0
(
M ′
R˜
+
f ′
2
)[
2M
R˜
+ f +
ΛR˜2
3
]
−3/2
dR˜
}
, (24)
and thus, as f →∞, the limiting forms for R, R˙, R′, W 2 are
W 2 → f (25)
R→ σ
√
f (t− a) (26)
R˙→ σ
√
f (27)
R′ → Uf (28)
where U =
Rf ′
2f 2
− σa
′
√
f
. (29)
We note that the limiting value of R′ is ambiguous. How does f ′ behave in the f → ∞ limit? If
we choose f ′ = 0, and a′ happens to be zero, is R′ = 0 acceptable? Should we insist a′ 6= 0? The
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ambiguity of the limiting behaviour of R′ and U is at least partly due to the re-scaling freedom of the
r coordinate. An important step below allows us to avoid knowing how f ′ behaves.
We now apply the following transformation:
R = R(t, r) , v =
R
2fσ
+
∫ r
0
a′√
f
dr , (30)
and from (30), it is clear that the R-dependence of v disappears as f → ∞, meaning v → v(r). It
also seems that we require a′/
√
f 0 to be finite and non-zero, so as to ensure v does not become
degenerate. However, a′ = 0 would be acceptable at individual points. As noted in [12, 13], a regular
pseudo-spherical origin requires f → 0, which is not compatible with f → ∞, so the behaviour of a′
at an origin is not relevant. For this transformation, the Jacobi matrix & its inverse:
J =
∂(v, R)
∂(t, r)
=


R˙
2fσ
R′ − 2fU
2fσ
R˙ R′

 , J−1 = ∂(t, r)
∂(v, R)
=


R′σ
R˙U
−R
′ − 2fU
2fR˙U
− σ
U
1
2fU

 , (31)
have limiting forms
J =
∂(v, R)
∂(t, r)
=

 12√f −U2σ
σ
√
f fU

 , J−1 = ∂(t, r)
∂(v, R)
=


√
f
1
2σ
√
f
− σ
U
1
2fU

 , (32)
and the inverse transformation is:
dt =
R′σ
R˙U
dv − (R
′ − 2fU)
2fR˙U
dR , (33)
dr = − σ
U
dv +
1
2fU
dR . (34)
Inserting the transformations (33) & (34) into the Szekeres metric (1) gives
ds2 = −
(
R′σ
R˙U
dv − (R
′ − 2fU)
2fR˙U
dR
)2
+
(
R′ − RE
′
E
)2
W 2
(
− σ
U
dv +
1
2fU
dR
)2
+
R2
E2
(
dp2 + dq2
)
=
(
R2(E ′/E)2
W 2U2
− 2RR
′(E ′/E)
W 2U2
+
R′2
(
R˙2 −W 2)
R˙2W 2U2
)
dv2
− σ
(
R2(E ′/E)2
W 2fU2
− 2RR
′(E ′/E)
W 2fU2
+
2R′
R˙2U
+
R′2
(
R˙2 −W 2)
R˙2W 2fU2
)
dv dR
+
(
R2(E ′/E)2
4W 2f 2U2
− RR
′(E ′/E)
2W 2f 2U2
+
R′2
(
R˙2 −W 2)
4R˙2W 2f 2U2
+
(R′ − fU)
R˙2fU
)
dR2
+
R2
E2
(
dp2 + dq2
)
. (35)
From the evolution equation (8) and the W definition we have,
R˙2 −W 2 = 2M
R
+
ΛR2
3
− ǫ ≡ B , (36)
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which we now substitute into (35). This is a step that’s hard to reverse, because R becomes a
coordinate in the null metric, and there is no evolution equation for it.
Now, from (31) the transformation of E ′ would be
∂E
∂v
∣∣∣∣
R
=
∂E
∂r
∣∣∣∣
t
∂r
∂v
∣∣∣∣
R
+
∂E
∂t
∣∣∣∣
r
∂t
∂v
∣∣∣∣
R
= E ′
(
− σ
U
)
+ 0
(
R′σ
R˙U
)
(37)
→ ∂E
∂v
∣∣∣∣
R
= −σE
′
U
↔ E ′ = −σU ∂E
∂v
∣∣∣∣
R
. (38)
However, it is important for a well-defined limit that we do not use this. Instead we write
E∗ = −σfE
′
R′
↔ E ′ = −σR
′E∗
f
. (39)
Nevertheless, by (28), R′ → Uf in the null limit, so comparing (38) & (39), this implies that E∗ → Ev
in that same limit.
Putting (36) & (39) into (35) leads to
ds2 =
(
R2(−σR′)2(E∗/E)2
(f)2W 2U2
− 2RR
′(−σR′)(E∗/E)
(f)W 2U2
+
2σRR′2(E∗/E)
W 2fU2
+
R′2
(
B
)
R˙2W 2U2
)
dv2
− σ
(
R2(−σR′)2(E∗/E)2
(f)2W 2fU2
− 2RR
′(−σR′)(E∗/E)
(f)W 2fU2
+
2R′
R˙2U
+
R′2
(
B
)
R˙2W 2fU2
)
dv dR
+
(
R2(−σR′)2(E∗/E)2
4(f)2W 2f 2U2
− RR
′(−σR′)(E∗/E)
2(f)W 2f 2U2
+
R′2
(
B
)
4R˙2W 2f 2U2
+
(R′ − fU)
R˙2fU
)
dR2
+
R2
E2
(
dp2 + dq2
)
(40)
=
(
R2R′2(E∗/E)2
W 2f 2U2
+
2σRR′2(E∗/E)
W 2fU2
+
R′2B
R˙2W 2U2
)
dv2
− σ
(
R2R′2(E∗/E)2
W 2f 3U2
+
2σRR′2(E∗/E)
W 2f 2U2
+
2R′
R˙2U
+
R′2B
R˙2W 2fU2
)
dv dR
+
(
R2R′2(E∗/E)2
4W 2f 4U2
+
σRR′2(E∗/E)
2W 2f 3U2
+
R′2B
4R˙2W 2f 2U2
+
(R′ − fU)
R˙2fU
)
dR2
+
R2
E2
(
dp2 + dq2
)
. (41)
We are now ready to take the limit of the line element. First, applying (25)-(29) reduces the above to
ds2 =
(
R2(fU)2(E∗/E)2
(f)f 2U2
+
2σR(fU)2(E∗/E)
(f)fU2
+
(fU)2B
(f)(f)U2
)
dv2
− σ
(
R2(fU)2(E∗/E)2
(f)f 3U2
+
2σR(fU)2(E∗/E)
(f)f 2U2
+
2(fU)
(f)U
+
(fU)2B
(f)(f)fU2
)
dv dR
+
(
R2(fU)2(E∗/E)2
4(f)f 4U2
+
σR(fU)2(E∗/E)
2(f)f 3U2
+
(fU)2B
4(f)(f)f 2U2
+
((fU)− fU)
(f)fU
)
dR2
+
R2
E2
(
dp2 + dq2
)
(42)
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=(
R2(E∗/E)2
f
+ 2σR(E∗/E) +B
)
dv2
− σ
(
R2(E∗/E)2
f 2
+
2σR(E∗/E)
f
+ 2 +
B
f
)
dv dR
+
(
R2(E∗/E)2
4f 3
+
σR(E∗/E)
2f 2
+
B
4f 2
+
0
f
)
dR2
+
R2
E2
(
dp2 + dq2
)
, (43)
and second, letting f →∞ removes several of these terms. As noted above, (28), (39) and (38), show
the limit of E∗ is
E∗ = −σfE
′
R′
→ − σE
′
U
= Ev , (44)
and in the limit, v becomes a function of r only, as is evident from the transformation (30).
The relations (3)-(6) carry over, with r derivatives being replaced by v derivatives, and (2) is
retained, except that S, P & Q become functions of v, not r. In the reverse process, controlling the
functional dependence of E is possibly the trickiest aspect.
The limiting metric then is
ds2 = −
{
ǫ− 2M
R
− ΛR
2
3
− 2σREv
E
}
dv2 − 2σ dv dR + R
2
E2
(
dp2 + dq2
)
(45)
Here two functions have vanished: f(r) and also a(r), and there’s no evolution DE for R˙. However
we still have M(v), S(v), P (v), & Q(v). Comparing the above metric with (12) we find that the
identification
σ = +1 , p→ x , q → y , R→ r˜ , P˜ = E (46)
leads to
K ≡ ∆(ln P˜ ) = ǫ , 2H = ǫ− 2M
R
− ΛR
2
3
− 2σREv
E
, (47)
and therefore (45) is the RT subclass corresponding to constant Gaussian curvature, (15). This subclass
has no gravitational radiation, and is the only subclass with a zero gravity-wave news function [3, 7, 15].
4.1 The Limit of the Matter Tensor
As with E ′ in (39), we also replace M ′ according to
M ′ = −σR
′M∗
f
, (48)
and transform the Szekeres matter tensor into
κT ab =
2
(
M ′ − 3M(E ′/E))
R2
(
R′ −R(E ′/E))


R˙2
4f2
σR˙2
2f
0 0
σR˙2
2f
R˙2 0 0
0 0 0 0
0 0 0 0


8
=
2
(
(−σR′/f)M∗ − 3M(−σR′/f)(E∗/E))
R2
(
R′ − R(−σR′/f)(E∗/E))


R˙2
4f2
σR˙2
2f
0 0
σR˙2
2f
R˙2 0 0
0 0 0 0
0 0 0 0


=
2
(
M∗ − 3M(E∗/E))
R2
(− σf −R(E∗/E))


R˙2
4f2
σR˙2
2f
0 0
σR˙2
2f
R˙2 0 0
0 0 0 0
0 0 0 0

 ,
then, using (25)-(29) and taking the null limit, we arrive at
κT ab ∼ 2
(
M∗ − 3M(E∗/E))
R2


−σ
4f2
−1
2f
0 0
−1
2f
−σ 0 0
0 0 0 0
0 0 0 0


→ κT ab = 2
(
M∗ − 3M(E∗/E))
R2


0 0 0 0
0 −σ 0 0
0 0 0 0
0 0 0 0

 = κρ kakb . (49)
We find M∗ → Mv for exactly the same reason that E∗ → Ev. Inserting the metric (45) into the
EFEs gives the same result. To ensure positive energy density, if the radiation is outgoing we must
have, M∗ ≤ 0 with σ = +1, and vice versa.
The limiting matter tensor (49) agrees with the RT expression (14), since the identification (46)
gives us
∆∆(ln P˜ ) = 0 ,
Ev
E
→ ( ln P˜ ),v , ρ→ n2
r˜2
. (50)
There is a curious point here. In the full RT metric, eq (14) is a dynamical equation, since v is the only
time-varying coordinate. However, in our limit-transformation, the v of the null metric (12) replaces
the r of the timelike metric (1), which is a spatial coordinate, suggesting that (14), in the constant
curvature case, is the null-limit version of (9), the Szekeres density equation.
5 Going Backwards
The task at hand is, given the null-fluid metric (45), is there a procedure for constructing or retrieving
an associated timelike-fluid metric from it?
The most obvious approach to undoing the limiting process just described, is to take the steps in
reverse order and attempt to undo each one. However, the first problem is how to re-introduce the
terms and functions that vanished in the limiting process. We try to make this step algorithmic by
re-introducing terms based on: what’s already there, the coordinate transformation, and maybe the
form of the target metric. Probably the EFEs will be needed to obtain all functions and evolution
equations.
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Starting with (45), we put it in the form
ds2 =
(
2σA+B
)
dv2 − 2σ(1)dv dR + (0)dR2 + R2
E2
(
dp2 + dq2
)
, (51)
where A contains the factor Ev/E.
We shall be applying the transformation
R = R(t, r) → dR = R˙ dt+R′ dr , (52)
v = v(t, r) such that dv =
(
σR˙
2f
)
dt+ σR′
(
1
2f
− 1
β
)
dr , (53)
where f = f(r) and β is unspecified. All introduced parameters are functions of (t, r) unless stated
otherwise; these parameters are: β, χ, ψ; the only exception will be the function h = h(t, r, p, q) and
later k = k(t, r, p, q). The Jacobi matrices of (52) & (53) are
J−1 =
∂(t, r)
∂(v, R)
=


β
σR˙
(2f−β)
2fR˙
0 0
−β
σR′
β
2fR′
0 0
0 0 1 0
0 0 0 1

 , J = ∂(v, R)∂(t, r) =


σR˙
2f
σR′(β−2f)
2fβ
0 0
R˙ R′ 0 0
0 0 1 0
0 0 0 1

 . (54)
But before applying the transformation, we need to modify the metric as follows. First, insert some
factors — hβ
2
fW 2
, β
2
R˙2W 2
, χ — which stand for quantities that went to unity when the null limit was
taken,
ds2 =
(
2σA
h
f
+B
1
R˙2
)(
β2
W 2
)
dv2 − 2σ(χ)dv dR + (0)dR2 + R2
E2
(
dp2 + dq2
)
, (55)
where W 2 = ǫ+ f . Second, add some terms — A
2h2β2
f2W 2
, ψ — quantities that vanished in the null limit,
ds2 =
(
A2
h2
f 2
+ 2σA
h
f
+B
1
R˙2
)(
β2
W 2
)
dv2 − 2σ(χ)dv dR + (ψ)dR2 + R2
E2
(
dp2 + dq2
)
. (56)
Third, copy the A- and B-terms from gvv to gvR & gRR multiplied by powers of (σ/2f)
ds2 =
(
A2
h2β2
W 2f 2
+ 2σA
hβ2
W 2f
+B
β2
W 2R˙2
)
dv2
− 2σ
(
A2
h2β2
2W 2f 3
+ 2σA
hβ2
2W 2f 2
+B
β2
2W 2R˙2f
+ χ
)
dv dR
+
(
A2
h2β2
4W 2f 4
+ 2σA
hβ2
4W 2f 3
+B
β2
4W 2R˙2f 2
+ ψ
)
dR2
+
R2
E2
(
dp2 + dq2
)
. (57)
Comparing this with (41), it is evident that β plays the role of R′/U , but the introduction of the extra
factor of h turns out to be rather important, as demonstrated below. We could have chosen χ = β/R˙2
and ψ = (β − f)/(R˙2f) from the start, but instead we will obtain these below from the required form
of the metric.
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Now we apply the transformation (52)-(53), which converts the above metric to
ds2 = −R˙
2(χ− ψf)
f
dt2 +
2R˙R′(χf − χβ + ψβf)
βf
dr dt
+
(
A2
h2R′2
W 2f 2
+ 2σA
hR′2
W 2f
+B
R′2
W 2R˙2
+
R′2(2χf − χβ + ψβf)
βf
)
dr2
+
R2
E2
(
dp2 + dq2
)
. (58)
If we specify that gtt = −1 & gtr = 0, we find
−R˙
2(χ− ψf)
f
= −1 → χ− ψf = f
R˙2
(59)
2R˙R′(χf − β(χ− ψf))
βf
= 0 =
2R˙R′(χf − β(f/R˙2))
βf
(60)
→ χ = β
R˙2
, ψ =
β − f
R˙2f
. (61)
Hence
ds2 = −dt2 +
(
A2
h2R′2
W 2f 2
+ 2σA
hR′2
W 2f
+B
R′2
W 2R˙2
+
R˙2
R′2
)
dr2 +
R2
E2
(
dp2 + dq2
)
= −dt2 +
((
hA
f
+ σ
)2
R′2
W 2
+
(
B +W 2 − R˙2) R′2
W 2R˙2
)
dr2 +
R2
E2
(
dp2 + dq2
)
, (62)
and restoring what A & B are, we get
ds2 = −dt2 +
((
hR(Ev/E)
f
+ σ
)2
R′2
W 2
+
(
2M/R + ΛR2/3− ǫ+W 2 − R˙2) R′2
W 2R˙2
)
dr2
+
R2
E2
(
dp2 + dq2
)
, (63)
Substituting for Ev with
Ev =
−σfEκ
hR′
(64)
gives
ds2 = −dt2 +
((−σhfR(Eκ/E)
hR′f
+ σ
)2
R′2
W 2
+
(
2M/R + ΛR2/3− ǫ+W 2 − R˙2) R′2
W 2R˙2
)
dr2
+
R2
E2
(
dp2 + dq2
)
= −dt2 +
((
R′ −R(Eκ/E))2 1
W 2
+
(
2M/R + ΛR2/3− ǫ+W 2 − R˙2) R′2
W 2R˙2
)
dr2
+
R2
E2
(
dp2 + dq2
)
. (65)
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We notice that the factors β & h have vanished.
Because the transformation (53) gives v in the form v(t, r), it is not immediately obvious that the
Eκ & E defined via (64) is independent of t. This is where h comes in — we are free to specify that
h(t, r, p, q) is such that the new Eκ/E does not depend on t. The justification of (64) is discussed in
section 5.2, where it is shown how a function of v only can become a function of r only. (Below we
will introduce Mκ and require that it too must depend on r only.) Therefore, since E does not depend
on t, the relations (3)-(6) are retained, because they held in v-form in (45).
We do not have an evolution equation with which to eliminate the second term in grr. Thus we use
the EFEs (assuming E doesn’t depend on t), and requiring Gpr = 0 = G
q
r, we get (without needing
(3)-(6)) for example
Gpr =
R′2E2(EE ′p −E ′Ep)(2M/R + ΛR2/3− ǫ+W 2 − R˙2)
R(R˙2R2E ′(RE ′ − 2R′E) +RR′2E2(2M/R + ΛR2/3 +W 2 − ǫ)) = 0 (66)
which recovers the evolution equation (8), and puts the metric into the Szekeres form, meaning it is a
silent, irrotational dust spacetime.
5.1 Undoing the Limit of the Matter Tensor
We begin with the null metric matter tensor (49),
T ab =
2
(
Mv − 3M(Ev/E)
)
R2


0 0 0 0
0 −σ 0 0
0 0 0 0
0 0 0 0

 , (67)
and we insert a factor in the common denominator,
T ab =
2
(
Mv − 3M(Ev/E)
)
R2
(
f
kR˙2
)


0 0 0 0
0 −σ 0 0
0 0 0 0
0 0 0 0

 . (68)
Here we have introduced the function k(t, r, p, q), which serves the same purpose as the h introduced
in eq (55). The manner in which the correct functional dependence is restored is discussed in section
5.2. We next add in a vanishing term
T ab =
2
(
Mv − 3M(Ev/E)
)
R2
(
f
kR˙2
+
σR
R˙2
(Ev/E)
)


0 0 0 0
0 −σ 0 0
0 0 0 0
0 0 0 0

 , (69)
and we copy the TRR component into the T vR & T vv components, divided by factors of 2f/σ,
T ab =
2
(
Mv − 3M(Ev/E)
)
R2
(
f
kR˙2
+
σR
R˙2
(Ev/E)
)


−σ
4f2
−1
2f
0 0
−1
2f
−σ 0 0
0 0 0 0
0 0 0 0

 . (70)
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This copying of terms could be written4
T cd → V ca T abV db , where V db =


1 σ
2f
0 0
σ
2f
1 0 0
0 0 1 0
0 0 0 1

 . (71)
In fact, the values of the first and second terms in the top row of V db do not actually matter, but the
above choice has the neat property that V db becomes the identity in the null limit.
Next we substitute for Ev & Mv using (64) and
Mv =
−σfMκ
kR′
(72)
giving
T ab =
2
(
(−σfMκ/kR′)− 3M(−σfEκ/kR′)/E)
R2
(
f
kR˙2
+
σR
R˙2
(−σfEκ/kR′)/E
)


−σ
4f2
−1
2f
0 0
−1
2f
−σ 0 0
0 0 0 0
0 0 0 0

 (73)
=
2
(
Mκ − 3M(Eκ/E))
R2
(
R′ − R(Eκ/E)
) (−σR˙2)


−σ
4f2
−1
2f
0 0
−1
2f
−σ 0 0
0 0 0 0
0 0 0 0

 . (74)
Finally we apply the inverse transformations (52)-(53), for which the Jacobi matrices are
J−1 =
∂(t, r)
∂(v, R)
=


β
σR˙
(2f−β)
2fR˙
0 0
−β
σR′
β
2fR′
0 0
0 0 1 0
0 0 0 1

 , J = ∂(v, R)∂(t, r) =


σR˙
2f
σR′(β−2f)
2fβ
0 0
R˙ R′ 0 0
0 0 1 0
0 0 0 1

 , (75)
to get a form that is clearly T ab = ρuaub, i.e. (7), with ρ the same as (9):
T ab =
2
(
Mκ − 3M(Eκ/E))
R2
(
R′ −R(Eκ/E)
) (−σR˙2)


−σ
R˙2
0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 . (76)
5.2 Restoration of the Correct Functional Dependence
A central problem with going backwards is that we are not taking a limit, so no terms disappear,
meaning the final functional dependencies must be exact. Indeed, terms have to be introduced, in
order that the end result is correct. This forces us to carefully examine the terms that disappear in the
f →∞ limit.
4It does not seem to be possible to do this for the metric in going from (56) to (57).
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The transformations (52)-(53) (or (30)) do not allow a function of r only to become a function
of v only, or vice-versa, so it is necessary to see how the procedure specified here makes this possible.
Firstly, when going forwards from (t, r) to (v, R), we have
Mv = M˙
β
σR˙
+M ′
(−β
σR′
)
(77)
MR = M˙
(2f − β)
2fR˙
+M ′
β
2fR′
. (78)
For a function of r only, with M˙ = 0, this gives
MR =
−σMv
2f
(79)
which is true point by point. Clearly, if Mv is finite, then MR vanishes in the f →∞ limit. Conversely,
for the backwards transformation,
M˙ = Mv
σR˙
2f
+MRR˙ (80)
M ′ = Mv
σR′(β − 2f)
2fβ
+MRR
′ , (81)
both M ′ and M˙ are non-zero in general, unless we re-introduce MR by insisting that (79) hold, in
which case we get
M˙ = Mv
σR˙
2f
+
(−σMv
2f
)
R˙ = 0 (82)
M ′ = Mv
σR′(β − 2f)
2fβ
+
(−σMv
2f
)
R′ =
−σMvR′
β
. (83)
This justifies (48). Of course, the re-introduction of MR implies a change in functional dependence
fromM(v) toM(v, R), which is the reason for the function k used in (72). A similar argument justifies
(64) and the function h, which converts E(v, p, q) to E(v, R, p, q) and then E(r, p, q).
6 Conclusion
The possibility that one may take a spacetime filled with moving dust (zero pressure matter), and allow
the velocity of the dust particles to reach light speed, while still retaining a well-behaved spacetime, is
a surprising and intriguing result, that is well worth understanding as thoroughly as we can. While the
process of taking this null limit has been known for some time, this paper is the first to ask whether
the reverse process can be described in a systematic manner.
Firstly, in reviewing the process of taking the null limit of the Szekeres metric, we generalised
previous results to the case of non-zero Λ, and arrived at the zero-news Robinson-Trautman-de Sitter
metric. Before taking the null limit, it is important to first transform the metric so that it does not
become degenerate, and quantities that need to remain finite are preserved. In addition, the spacelike
“radial” coordinate r, that is comoving with the dust, must be replaced by the null coordinate v that
labels outgoing (or incoming) light paths. Furthermore, it is important that the functions E and M
are replaced by quantities that are not actually their transformations. We also noted which steps would
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be challenging to reverse. In particular, the null limit makes certain terms go to unity and others to
zero, and certain functions lose their dependence on one or more variables. The evolution equation (8)
does not survive, being used up in the transformation and the determination of limiting behaviours.
Therefore, the backwards process involves re-introducing factors or functions that are “initially” one
or nought, but subsequently aquire different values and functional dependencies. In order to get these
functional dependencies correct, two auxilliary functions h & k had to be introduced, even though they
are re-absorbed before the process is finished. The values of some of the introduced functions were
determined by the expected form of the timelike metric, but the final evolution equation had to be
derived from the Einstein equations. This is because (i) the dynamical equation of the null metric maps
to the density expression of the timelike one, and (ii) the null limit metric does not have an equation
involving r˜ that would transform back into an evolution equation for R(t, r) in the timelike metric. The
relation between the coordinate transformations, the limiting process, and the functional dependencies
was clarified in section 5.2.
It is possible there is a more streamlined approach to undoing the null limit, but it is clear that one
needs some knowledge of the expected result in order to proceed. Nevertheless, we have gained a more
precise understanding of the forward null limit process along the way, since much more attention had
to be paid to the limiting values of the terms, and how functional dependencies changed.
The question of whether there are other metrics describing timelike or null dust filled spacetimes,
that might be investigated in a similar manner is an interesting topic to pursue.
References
[1] J. Bicˇa´k and K.V. Kuchar, Phys. Rev. D 56, 4878-95 (1997), “Null Dust in Canonical Gravity”.
[2] J. Bicˇa´k & Z. Perje´s, Class. Quantum Grav. 4, 595 (1987), “Asymptotic Behaviour of Robinson-
Trautman Pure Radiation Solutions”.
[3] W.B. Bonnor, Comm. Math. Phys. 11, 2007-12 (1994), “The Photon Rocket”.
[4] P.T. Chrus´ciel, Comm. Math. Phys. 137, 289 (1991), “Semi-Global Existence and Convergence
of Solutions of the Robinson-Trautman (2-Dimensional Calabi) Equation”.
[5] P.T. Chrus´ciel, Proc. Roy. Soc. London Ser. A 436, 299 (1992), “On the Global Structure of
Robinson-Trautman Space-Times”.
[6] P.T. Chrus´ciel & D.B. Singleton, Comm. Math. Phys. 147, 137 (1992), “Nonsmoothness of Event
Horizons of Robinson-Trautman Black Holes”.
[7] F.H.J. Cornish, Class. Quantum Grav. 17, 3945-50 (2000), “Robinson-Trautman Radiating Metrics
with Zero News and Photon Rockets”.
[8] S. Dain, O.M. Moreschi and R.J. Gleiser, Class. Quantum Grav. 13, 1155-60 (1996), “Photon
Rockets and the Robinson-Trautman Geometries”.
[9] G.F.R. Ellis, J. Math. Phys. 8, 1171-94 (1967), “Dynamics of Pressure-Free Matter in General
Relativity”.
[10] J.R. Gair, Class. Quantum Grav. 19, 3883-99 (2002), “Some Radiation Universes Which Generalize
Vaidya”.
15
[11] R.J. Gleiser, Gen. Rel. Grav. 16, 1039-43 (1984), “A Relation Between the Szekeres Quasispherical
Gravitational Collapse Solution and the Robinson-Trautman Metrics”.
[12] C. Hellaby, Phys. Rev. D 49, 6484-88 (1994), “On the Vaidya Limit of the Tolman Model”.
[13] C. Hellaby, Class. Quantum Grav. 13, 2537-46 (1996), “The Null and KS Limits of the Szekeres
Metric”.
[14] C. Hellaby, Proc. Sci. PoS(ISFTG), 005, 1-50 (2009), “Modelling Inhomogeneity in the Uni-
verse”. arXiv:0910.0350 [gr-qc].
[15] B.V. Ivanov, Phys. Rev. D 71, 044012, 1-3 (2005), “No News for Kerr-Schild Fields”.
[16] W. Kinnersley, Phys. Rev. 186, 1335-6 (1969), “Field of an Arbitrarily Accelerating Point Mass”.
[17] A. Krasin´ski, Inhomogeneous Cosmological Models, Cambridge U P, 1997, ISBN 0 521 48180 5.
[18] G. Lemaˆıtre, Ann. Soc. Sci. Bruxelles A53, 51-85 (1933), “L’Universe en Expansion”. Reprinted
in English with historical introduction in: Gen. Rel. Grav. 29, 641-80 (1997).
[19] J.P.S. Lemos, Phys. Rev. Lett. 68, 1447-50 (1992), “Naked Singularities: Gravitationally Collaps-
ing Configurations of Dust or Radiation in Spherical Symmetry, A Unified Treatment”.
[20] J. Pleban´ski, & A. Krasin´ski, An introduction to general relativity and cosmology, Cambridge UP
(2006).
[21] J. Podolsky´, Phys. Rev. D 78, 044029, 1-8 (2008), “Photon Rockets in (Anti-)de Sitter Universe”.
[22] J. Podolsky´ & O. Sv´ıtek, Phys. Rev. D 71, 124001, 1-7 (2005), “Radiative Spacetimes Approach-
ing the Vaidya Metric”.
[23] I. Robinson and A. Trautman, Phys. Rev. Lett. 4, 431-2 (1960), “Spherical Gravitational Waves”.
[24] I. Robinson and A. Trautman, Proc. Roy. Soc. London Ser. A 265, 463-73 (1962), “Some Spherical
Gravitational Waves in General Relativity”.
[25] P. Szekeres, Comm. Math. Phys. 41, 55-64 (1975), “A Class of Inhomogeneous Cosmological
Models”.
[26] P. Szekeres, Phys. Rev. D 12, 2941-8 (1975), “Quasispherical Gravitational Collapse”.
[27] R.C. Tolman, Proc. Nat. Acad. Sci. U.S.A. 20, 169-76 (1934), “Effect of Inhomogeneity on
Cosmological Models”. Reprinted with historical introduction in: Gen. Rel. Grav. 29, 935-43
(1997).
[28] P.C. Vaidya, Proc. Indian Acad. Sci. Sect. A 33, 264 (1951), “Some Spherical Gravitational Waves
in General Relativity”.
[29] P.C. Vaidya, Nature 171, 260 (1953), “Some Spherical Gravitational Waves in General Relativity”.
16
